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The last of equations (76) should read as follows:

-fse = ISKS2 + AsAxAyEX.k—y

In equation (77), the following corrections should be made:
In the numerator, the last term within the final parentheses under the
radical should be

A.SA K2 1instead of -AgAyKy2

~Ag Ayly TasAY Ry

In the denominator, the final term should be

2% 2 A Ay /v

Ashy“ky sy x 2 vy Px

e By —=;— |instead of -AghyEy2 | By ——
S

In equations (78), the formula for ;y should read as follows:

Ky T T
o-Is, ykyhs | WY/bX
Y 2 b B
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FORMULAS FOR THE ELASTIC CONSTANTS OF PLATES WITH INTEGRAL
WAFFLE-LIKE STIFFENING !

By Norris F. Dow, CaarLEs LiBove, and Rareun E. Huska

SUMMARY

Formulas are derived for the fifteen elastic constants associated
with bending, stretching, twisting, and shearing of plates with
closely spaced integral ribbing in a variety of configurations
and proportions. In the derivation the plates are considered,
conceptually, as more uniform orthotropic plates somewhat on
the order of plywood. The constants, which include the effec-
tieness of the ribs for resisting deformations other than bending
and stretching in their longitudinal directions, are defined in
terms of four coefficients o, 8, o', and B’, and theoretical and
experimental methods for the evaluation of these coefficients are
discussed.  Four of the more important elastic constants are
predicted by these formulas and are compared with test results.
Good correlation is obtained.

INTRODUCTION

Growing interest in integrally stiffened construction,
evidenced by such papers as references 1 and 2 and by the
large forging press program (rvef. 3) and the chemical milling
process (ref. 4) which will provide facilities for production,
emphasizes the need for information on the structural char-
acteristics of integrally stiffened plates.

A primary requisite for the prediction of structural charac-
teristics of plates is a knowledge of their elastic constants.
In the present report, therefore, formulas are derived for
the fifteen elastic constants associated with the bending,
stretching, twisting, and shearing of plates with closely
spaced integral ribs running in one or more directions. The
ribbing patterns covered by the formulas are illustrated in
figure 1 and include those considered in reference 5. The
rib cross section is arbitrary, although special auxiliary
formulas are given for the rectangular-section rib with
circular fillets at its base.

The elastic-constant formulas derived involve four co-
efficients «, 8, o/, 8’ for each rib which define the effectiveness
of the rib in resisting deformations other than simple bending
or stretching in its longitudinal direction. For most purposes
a reasonably accurate evaluation of these coefficients is
required. Experimental and theoretical methods of evaluat-
ing them are discussed.

As a check on the correctness of the elastic-constant
formulas, the predictions of the formulas for four of the
more important elastic constants are compared with experi-
mental data.

(b) Longitudinal and transverse.
(d) Skewed plus longitudinal
and transverse.

(a) Longitudinal or transverse.
(e) Skewed.

Freure 1..—Ribbing configurations considered.
SYMBOLS

Plane I is defined as the plane in which N, acts and in
which ¢, is measured. Plane IT is defined as the plane in
which N, acts and in which ¢, is measured. Plane III is
defined as the plane in which N, acts and in which v,, is
measured. These three planes are illustrated in figure 2.

GENERAL SYMBOLS

C,. coupling elastic constants associated with
Cuy bending and stretching and defined by the
Cye force-distortion equations (1), (2), (4), and
Cyy (5), Ib™*

Cy coupling elastic constants associated with
Oy bending and stretching and defined by the
Cy force-distortion equations (7), (8), (10),
Oy and (11), in.

C; coupling elastic constant associated with

twist and shear and defined by the force-
distortion equations (9) and (12), in.

D, D, bending stiffness in - and y-directions,
D, D, respectively, in-l1b
D,,,Dy twisting stiffnesses relative to z- and y-

directions, in-1b

Young’s modulus of material, psi

extensional stiffnesses in z- and y-directions,
respectively, lb/in.

G shear modulus of material, psi

Gy shear stiffness of plate in xy-plane, Ib/in

resultant bending-moment intensity in z- and
y-directions, respectively, 1b

i Supersedes recently declassified NACA RM L53E13a, “Formulas for the Elastic Constants of Plates With Integral Waffle-Like Stiffening” by Norris F. Dow, Charles Libove, and

Ralph E. Hubka, 1953.
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resultant twisting-moment intensity with re-
gard to z- and y-directions, 1b

intensity of resultant normal force actingin
z-direction in plane I, Ib/in.

intensity of resultant normal force acting in
y-direction in plane 11, Ib/in.

intensity of resultant shear force acting in -
and y-directions in plane III, Ib/in.

coordinate, measured parallel to skewed rib,
in.

coordinate, measured perpendicular to skewed
rib, in.

coupling elastic constant associated with
twist and shear and defined by the force-
distortion equations (3) and (6), lb~!

displacement in z-direction, in.

strain energy, in-lb

coordinate, measured in longitudinal direc-
tion, in.

coordinate, measured in transverse direction,
in.

coordinate, measured perpendicular to faces
of skin, in.

shear strain, with respect to z- and y-direc-
tions, of plane I11

strain of plane I in z-direction and of plane 11
in y-direction, respectively

Poisson’s ratio for material

Poisson’s ratios associated with bending in z-
and y-directions, respectively, and defined
by the force-distortion equations (1), (2),
(7), and (8)

Poisson’s ratios associated with extension in z-
and y-directions, respectively, and defined

1 by the force-distortion equations (4), (5),
(10), and (11)

SYMBOLS REPRESENTING DIMENSIONS

z-wise and y-wise length, respectively, of
smallest repeating unit of plate, in.

spacing of skew ribs, equal to b/sin 6 or
b,/cos 8, in.

rib spacing (measured between center lines of
parallel ribs), in.

rib depth, H—{g, in.

diameter of largest circle that can be inscribed
in cross section at intersection of rib and
skin, in.

distance from planes of zero strain to rib
centroids, in.

overall height of rib plus skin, in.

radius of fillet, in.

corner radius, in.

thickness, in.

average or equivalent thickness, in.

angle of skewed ribbing, measured from the
longitudinal direction, deg

SYMBOLS USED IN EQUATIONS FOR ELASTIC CONSTANTS

a

Any AWV, AW&

Aw

Lo b

IWZ,) IWH) IWS

kl, ku, Fernr

iéWz, EW:U; I;Wa

ALy Qezp, QUL
Ay Oy, O

e

’ ’ ’
A gy Oy O

6LL1 Bezp, BUL
BZ) Bl/’ BS

B
B/Iy B,y) ﬁ/s

BI

S, T, Y

LL
UL
erp

constant used in equations for calcu-
lating o'yz

cross-sectional area (including fillets)
of z-wise, y-wise, and skewed ribs
(4w, includes area of two ribs),
sq in.

general symbol for Ay, Aw , or Ay,

constants used in equations for calcu-
lating ayz and By,

cross-sectional moment of inertia of
z-wise, y-wise, or skewed ribs
about their centroids (/y, is twice
the moment of inertia of a single
skew rib), in.*

dimensionless distance from middle
surface of sheet to planes I, II,
and ITI, respectively, expressed as
fractions of the overall height H

dimensionless distance from middle
surface of sheet to centroid of -
wise, y-wise, or skewed rib, ex-
pressed as a fraction of the overall
height H

constants used to locate the effective
centroid of a rib for resisting bend-
ing in its transverse direction

general symbol representing o, a,
or oy

constants used to locate the effective
centroid of a rib for resisting
twisting

general symbol representing o’;, o'y,
or o

constants used to define effectiveness
of a rib in resisting stretching in
its transverse direction

general symbol representing 8., 8y,
or fs

constants used to define effectiveness
of a rib in resisting shearing

general symbol representing 8., 8,
or s

SUBSCRIPTS

longitudinal

sheet or skin

transverse

rib (web)

indicate application to skewed, -
wise, or y-wise ribs or directions

lower limit

upper limit

experimental
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DEFINITION OF ELASTIC CONSTANTS

If the rib spacings of integrally stiffened plates such as
those shown in figure 1 are small in comparison with the
plate width and length, it is plausible, for purposes of study-
ing overall or average behavior, to assume that the actual
plate may be replaced by an equivalent uniform orthotropic
plate. Figure 2 shows an infinitesimal element of the
equivalent plate subjected to bending moments of intensity
M, and M,, twisting moments of intensity M,,, stretching
forces of intensity N, and N, acting in planes I and II,
respectively, and shearing forces of intensity N,, in plane
III. The locations of planes I, II, and III are arbitrary.

The behavior of the element can be described by a set of
force-distortion relationships in which elastic constants
appear. Such relationships for special rectangular ortho-
tropic plates having their axes of principal stiffness parallel
and perpendicular to their edges, as considered herein, are
obtainable from reference 6. If deflections due to depth-
wise shear are assumed to be negligible as is customary in
ordinary plate theory, the following equations (egs. (1)
to (6”) of ref. 6) are obtained:

O M M- CaNe-Cal, 0
g;if= £ Mo+ CuNo-Cul, @
%:%;u TN, )
=~ Cady— O Myt =2 N, @
o —CoyM,— OWM,,-—’-‘E"; Nx+%—z (5)
’YW=2TAL1,+]C\£: (6)

i o'w o*w O*w . .
where 52 and R are the curvatures, > 0y is the twist,

e, and ¢, are the extensional strains in planes I and IT, re-
spectively, and 7,, is the shear strain in plane ITI.
According to these equations, fifteen constants are needed
to establish the force-distortion relationships—namely, two
bending stiffnesses D, and D,, a twisting stiffness D,,, two
stretching moduli E, and E,, a shearing modulus G, two
Poisson’s ratios u, and u, associated with bending, two
Poisson’s ratios u’, and u’, associated with stretching, four
coupling terms Oy, Cay, Oz, and €y associated with bending
and stretching, and one coupling term 7' associated with
twisting and shear. Not all these constants are independent,
however; for example, as a consequence of the reciprocity
theorem for elastic structures, u,= D,u,/D, and p',=E,u' /E;.
The form in which the force-distortion relationships have
just been given is not the most convenient form for some
applications, particularly for buckling calculations. For
such purposes a more suitable form is obtained when the

y

s

MX}/'
A —— Ny dx
///
ax
——-——Plone 1
——--——VPlane O
——wee——Plone M

Fraure 2.—Forces and moments acting on element.

first three equations are solved simultaneously for M, M,
and M,, and these expressions are then used to eliminate
M,, M,, and M,, in the last three equations. The six new
force-distortion equations thus obtained are

Mo=—D (S, §3 )+ OuNt CaNy ™
M=—Ds (3540 GR)FOuN AN, ©)
M,,—2D, %@-ﬁ C.N., ©

e&=Cn %2)—{* Co —aa%f +%—‘ﬁ N, (10)
&=Ch %)—*‘ Ca 2—2;5—% Nﬁ% (11)
Ypy=—2C} éz%qu%’f (12)

where My:Dzux/Dl and po=Fou/E:.

Of the fifteen elastic constants appearing in equations (7)
to (12), two, u, and g;, were also in the original set of force-
distortion equations. The remaining constants (D, D,, Dy,
E,, E,, Gy, uy, p2, Oy Crz, Cor, O, and ) are “new.” The
algebraic relationships between the new and the original
elastic constants are given in appendix A.

METHOD OF ANALYSIS

The analysis is made for a plate with the general pattern of
ribbing shown in figure 3 (a), which includes, as special cases,
the patterns of figure 1. A typical repeating element of the
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plate is indicated by the short-dashed rectangle in figure
3 (a) and is shown three-dimensionally in figure 3 (b).

The analysis is based on the assumption that each of the
four rib segments shown in figure 3 (b) may be replaced by
three orthotropic sheets of material parallel to the skin, each
one covering the entire area b,b, and each fastened to the
skin by means of many hypothetical, perfectly rigid, infinites-
imally small bars imbedded perpendicularly through the skin
and sheets (see fig. 4). The substitute sheets are assumed to
offer no interference to one another. (The rib is understood
to include any fillet material but no part of the skin.) The
properties of the three substitute sheets are so chosen that

e
e el
H
L
; g 2
v
/’

o Rib centroids

(a) Most general pattern of ribbing considered.
enclose typical element.)
(b) Three-dimensional view of typical element.

(Short-dashed lines

Fieure 3.—Repeating element of plate with integral, waffle-like

one sheet (labeled (D in fig. 4) represents only the effective-
ness of the rib in resisting stretching and bending in its
longitudinal direction, another (labeled () represents only
the effectiveness of the rib in resisting stretching and bending
in its transverse direction, and the third (labeled () repre-
sents only the effectiveness of the rib in resisting shearing and
twisting relative to its longitudinal and transverse directions.
(The transverse direction, as used herein, is the direction in
which #y is measured, see fig. 3.) In order for the three
substitute sheets to accomplish their purpose, they are
assigned the following properties:

(a) Sheet (D has a volume equal to that of the rib segment
it replaces, with its center of gravity at the same level as
that of the rib. Its stretching or compressing modulus of
elasticity in the direction of the rib is £ and its modulus
transverse to the rib is zero. Its stiffness per unit width for
bending in the direction of the rib is equal to the bending
stiffness of the rib about its centroid divided by the rib
spacing (i.e., b, for a y-wise rib, b, for an z-wise rib, and b,
for a skew rib, fig. 3(a)), whereas its bending stiffness in the
direction transverse to the rib is zero. The shearing and
twisting stiffnesses and Poisson’s ratios of the sheet are
assumed to be zero.

(b) Sheet @ has a volume equal to some fraction 8 of
the volume of the rib segment, with its center of gravity at
some distance aff above the middle surface of the skin.
The modulus of elasticity for stretching or compressing in
the direction transverse to the rib is £, whereas that in the
longitudinal direction of the rib is zero. The bending, shear-
ing, and twisting stiffnesses, and Poisson’s ratios for sheet 2)
are all assumed to be zero.

(c) Sheet (3 has a volume equal to some fraction 8’ of
the volume of the rib segment, with its center of gravity at
some distance a’H above the middle surface of the skin.
Its modulus of elasticity for shearing relative to the longi-
tudinal and transverse directions of the rib is @, whereas its
twisting stiffness relative to these two directions is zero,
as are the stretching and bending stiffnesses and Poisson’s
ratios.

On the basis of the foregoing assumptions, the integrally
stiffened plate has been converted to a more homogeneous
plate somewhat on the order of plywood. The assumption
of rigid bars connecting the substitute sheets and the skin

stiffening,
j t ’_7
g | —_— 7‘#
. /,;;fRigid bars i //Orthotropic sheets ___Rib centroids---__ 5
e R - -
O R 2 2 2 7O~~~ - R p
O 2 A T T T — - —1—
2 - H T T T H 1 7 f ;/ f 1 Fooa L
R L H H . 4 I Fl QH
(7 7/ 4
=/ 2 :
2 .
ldealized Actual

Fraure 4.—Comparison of idealized and actual rib-skin combinations.
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is equivalent to the assumption that material lines normal
to the surface of the plate before deformation remain straight
during deformation. If it is further assumed that these lines
remain perpendicular to the surface of the plate and that the
stresses are in the elastic range, any of the methods used for
ordinary isotropic plate analysis may be readily extended to
the present idealized structure.

For the present purpose an energy method is adopted to
determine the six forces and moments necessary to maintain
dw dw %W
w: W’ €x, €y, m)
and v,,. The equations obtained for these forces and mo-
ments in terms of the distortions are put in the form of equa-
tions (1) to (6) to yield formulas for the original elastic
constants or in the form of equations (7) to (12) to yield
formulas for the new elastic constants.

The details of the analysis and the derivation of the elastic
constants are presented in appendix B. The formulas
obtained for these constants are presented in the following
section and the evaluation of «, 8, o/, and B’ is discussed in
two succeeding sections

the prescribed uniform deformations

E,=FEH

FORMULAS FOR ELASTIC CONSTANTS

In this section the formulas are presented for the calcu-
lation of the fifteen elastic constants appearing in equations
(1) to (6) and the thirteen new constants appearing in equa-
tions (7) to (12). The formulas are presented for the most
general type of plate considered, which is illustrated in
figure 3. For plates with one or more sets of ribs omitted,
the formulas also apply when the terms representing the
areas and moments of inertia of the omitted ribs are set
equal to zero.

The formulas for the constants in the original force-
distortion equations (1) to (6) are as follows:

R '_'/J-z(-l-szi))] (13)
Dy:EH3|:Iy—AA 2 (k, —F)—u, (T)] (14)

D.—EH’ (%) (15)

2
D,—EH [11_48_‘?

*N

~i

b;

(16)

A2 (LI —I)—A2AA,(e—ky) (k—k)”
E,—=EH

(A0 —15—A24.4, (k) (R k)z—-A{AI(k B 2 (R B~ R) + AL~ k)]}
AT, — 1)+ A A, (er— k) — Ay (fe—er) [A, L, (s—he) —24, I, (k —k) +A, A, (ky—ler) (B — )]

A * I (ke—s) (ky— k)+AI(lc—ks)]} an

'z(jzly'_-[s2)+AszIz(ky kII)2”_As(ks kII) [Axlr(kx kII) 2AI(]C:; ks)+AsAx(k8 kII)(ka: ks)]

Go=EH [wmm(k k)] (18)

17

Mz

LAz2—A24,(,—k,)"

&

(19)

My=

( As(Iny_ Isz) +A3A111/ (z'x—‘ kl) (zx_l—cs) +AsAny (%y_kn) (Ey— ];s) +AxA1/Is (]_f.z—kl) (l_fu—"kn) -
ARL (e ) ey oue) +-A A Ay (o er) (By—Foxr) (o) (B — )

Ia:;{sz—AszAz(Ez—l-cs)2

} (21)

b z=

( AJLI,—I)+A, AT, (o) (B o) + Ay Ay I (By—hees) (B, — o) +- A Ay I, (e ) (By—lear) — }

Ay(IzIy”_ Isz) ‘I‘AszIy(%z_kI) Z—As (Es—kl) [Asly(zs_‘kl) - 2AyIs (zy_lzs) +ASA)/(ES _kl) (E/—]Es) 2]

| ALk (o) A, A Ay (Be—ed) (B ) (Re— ) (B, — ) (22)
o AL L — 1)+ A A L(Fy— o) — A (g — ) [A L (g —kert) — 24, L, (e ee) +-A s Ao (B —Feur) (be— )]
k__AxAch—Aﬁl?s A, A, —k,)
I —
1 A’ A2
Crr= - 23
EH? A, A (Isz) ( )
I:c = Mz
A



A A,(F—F,) ( A,AJ!,—ASZES)
e U kII vy T8 s
L1 e e

A2A 12 24)
L—"25 (hy—hy) — s L)
el S

1 Zsz $
Cor=zpp A i 72 (25)
Iy-— S—Ty (ky_ks)z'—ﬂv(:sz)
IC A,Ay-]:fy‘—'Asﬁf-s AgAa:(Ex_l—fe)
1 T ;1- 2 My K
Coy= v N (26)
EH? I
Iy A Ay(k k)z"“:uy(£2)
A,
. 1 z(za:y_knl)
T o | 0

The formulas for the constants in the new equations (egs.

(7) to (12)) are as follows:

DI*EPFI: b 41 ] (28)
D.—EI [Iy_As A k)] (20)
D~ (%) (30)
Elzﬂﬂ(ﬁf) (31)
E=EH ffj) (32)
Gi=EH(A,,) (33)

,“2%; (34)

mzﬁi (35)
011=H<Ic1 A- Ak ‘A 2") (36)
022:H</cu~@4”%;“4‘@) (39)
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Ck:H(-];'zy—‘an) (40)

where
E Young’s modulus of material, psi
H overall height of skin plus ribs, in.

The quantities A,, I,, A,, A, A, and A,,, ky, k,, ks, and

Zw, I, I, I, and I,, appearing in equatlons (13) to (40) are
defined by the following equations:

232:A1Ay—As2 (41)
12— LA+ AAA, (ey—Fy) (F,—F,) (42)
o Aw /b Aw b, Ay, )
Az:li;ﬁ% V?I/ “+By 7?[/ -+ V;}/bs (cos“O—His sin* 6+
B's 1';*_— sin’ @ cos’ 0) (43)
Aw [b, Aw [b: A
A= ]‘ H+B’ v;_}/ +- v;{/ 1;{/ sin* 648, cos* -+
2
B's ITSHI 0 cos’ 0) (44)
Ay [bs
As“ K 22‘;—{- v;}/ : (sin"’f) cos? 0-F8; sin? 8 cos®f—
s 2 sin?9 cos? 0) (45)
1+u
1 Aw,/b, , 1 AWy/bx
SR H+6’2(1+ D o tPvsaTy o
AWS/bs . .
7 sin®g cos?8--B, sin?4 cos26-- 4, 2(1—|- )(os 23]
(46)
Aw, /b, — Aw /b, Ay /by /+
o [l ), 20 g A (R comtt
Bsas sint6+p’a’ %‘ sin’g cos"’ﬁ)] (47)

- Aw,/b, AW by Ay /bs
kﬂzzll:ﬁz W/ — () +—5— / (]CWy) ‘ 3/ (kW sin0--

Bsas cO8* 0455’ %; sin?@ cos“’e)] (48)

AWs/b R
- chs sin®f cos?0-+B.a, sin?f cos?d—

2 .
Bsa 1ta sin%g cosQ())] (49)
= 1 , 1 Awfh, 1 Ay /b,
kw_jy{ﬁZZ(l—F ) f] ( x)+ z/ 2(l+ ) H (Ot ll)‘l'
AW /b

[kw‘ sin?@ cos?0+-B,a, sin’6 cos?g+

ﬂ 3CZ s m COS 20]} (50)
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_ 3 Iw/b Iy /b, 1 ts e
11_12(1 2 (H J2€ “+—p cos'f+7— 2 77 (k)
b, »
Aol (BB 48,5 A fbe (R
Aw [bs
W‘/ [(kw lc) cos 0+Bs(a3 k) sin? 6+
B’s(a’s—k,) <1+” sin?6 cos20>] (51)
IWy/b:r Ws/ s
Iﬂzm <ﬁ —Hg + H3 40+ '7 7[1 (k) +
AW b — W z T
S (o) o (b )+
Aw /b =~ - -y
v;}/ I:(kws——k,,)2 sin“é)—l—ﬁ’s(as—lc,,) costo+
g (o' s—h,) ( 1_2|_” sin%6 cos%))] (52)
Iy /bs
[= 12(1 — (U 4-- 775 smocosze-{—f—— (Ic)—l—
Aw b -~ = -
v;‘}/ l:(kws_k8>2 sin?é (‘0820+ﬂ3(a3—]€3)2 sin?f cos®8—
8y (a/s—ks)® (— sin 000920>] (53)
w /b
1,= 6(1+n)(H) 4 H“’ smf)cosBl—H_ H( x,,) +
, 2 Awlb , 2 Awfbe =
B'x 1+ H (a:: kIl/) +B8y 1+u H (a z/_kxu) +
A b
Ws/ {(kWs kT,,) sin?@ cos?6+
By (as—Foy) 5020 c0820+8'5 (o’ s— ) ” [2(1—:_;) 008220]}
(54)
where

b,, b,, b, the spacing of the z-wise, y-wise, and skew ribs,
respectively, in.

6 the angle of skew of the ribbing, deg
H the overall height of skin plus ribs, in.
ts the thickness of the skin, in.

i Poisson’s ratio for material

Equat1ons (43) to (54) contain the quantities Ay , AW”,

and Aw,, /ch, kW , kW , and Iy, Iy, and Iy, which define
the areas, locations of centr01ds and moments of inertia of
the ribs. For rectangular ribs with circular fillets, as shown
in figure 4, these quantities are given by the equations

{ [1 0429< )(tw)] 5 i zs (55)
s (o ()Y o

324351—56—2

AWz/ by

AWS/ bs . th ts
Lo (et o

(Eq. (57) contains a factor 2 to account for the fact that
there are two ribs in the skewed direction—one at an angle
46 to the a-direction and the other at an angle —6 to the
z-direction.)

tW:: ts 1 tq
b= sz/b [ ( +o 096( ) (tw) 15 2H
(58)

S e L o
o, Awy/bz[2<1 ) +ooso () (7 it

H (59)

- N2 ts
bz [3(-1) oon(0)G)) Jiris

e {12< i) (=) (5 Fm) +
000755( )(tw) 2o’y )(th) %Sr)[z“’f
1 I
%z{m(l +(1- ><%“E“’v>2+
T A
s ()] Yok
ok "2{12(1 +(5) () +
e o

1 tg tws ts
5 E_O .223 ( ) )] b, (63)

The values of ky, ky, and ki depend upon the locations of
the centroids of the forces N,, N,, and N,,, respectively, im-
posed upon the plate element. (See fig. 2.) For the impor-
tant case in which IV, acts in such a plane that it produces

2,
no curvature ow and NN, acts in such a plane that it produces
ox?

2,
no curvature %@%’: C,, and C,, must equal zero (see egs. 1 and

2) and, therefore,

k _Asz.];q;—‘Aszk_s + I‘IASAII(]Z#_E‘?)
== —
Al

(64)
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AL A Jey— A ey A A ler— 1) The average or equivalent thickness of integrally stiffened
for= A2 (65) plates having rectangular ribs with circular fillets in the
various configurations considered herein may be calculated
Similarly, for the case in which N,, acts in such a plane that | from the following formulas: For simple longitudinal or
> transverse ribbing (fig. 1(a)),
it produces no twist Y T must equal zero and, therefore,
v J H br_ th w 2
_ 7 T\ F—)oa20( =
kr=tz, (66) 71 = g 5; i 5L (67)
If N, and N, do act in such planes that they produce s ts
o*w o*w . or
curvatures s— and s—, the actual locations of the forces t 2
52 M¢ 5 _ H_ )(ﬁ- 0429< )
(planes I and II) must be known if constants (such as K, t i ts ts Is ts ©9)
¢z, ete.) which depend upon the locations of the applied H H b,
forces are to be evaluated. tsts

For combined longitudinal and transverse ribbing (fig. 1(b)) having a corner radius Ry >ry and with ry_ blending
smoothly with 7y at the corners,

S (G “"> o) Jroama{ () (2= )+ () (-
2 )—0.85 42 LB ) ("2 )—
( ts 15 N\is s B ) [T )G )T )G
Tw, T'w, Ry . Tw, Tw, (Tw, ‘rwu>
[(&)*( ) ts )] 7, 0350 zt;('z;;ﬂs }

i _ i i
ts ts ts
For the special square pattern of longitudinal and transverse ribbing having ¢y =ty and rw =rw , equation (69)
reduces to
A
) fl 1)[(?——?) 0858( >]~0429(t ) l:( ) ~0.429°7 .
—1 s S s S s dJ (694)

! (@)
ts

For skewed ribbing (fig. 1(c)), again for Ry >ry,

o' )[( L)”CQH(’F 4“””(%)]“0429(%))1 [( W ffsw) s tJ}

3
H H /b, ) @0)
— ) csc 20
tS tS
For 45° skewed ribbing, equation (70) reduces to the form equivalent to (69a); thus,
tw \? »
. " 1>|:(@—5) —0.858 Eﬁ):l ) 0.420 Bw_ 3517 :Il
i \is ts s ts bs ts (70a)
. )
t s \Ug

For combined skewed ribbing and transverse (or longitudinal) ribbing in a pattern of triangles, again for Ry >ry,

(b tw,
ij~1>{ ﬁ——"ﬁ—ﬂ> ese 2042 [r—(1-+csc 6)? tan 0]( W) 1o
N Ls ts ) J

tS tS 2tS
rw \° t t 2 ¢ t
- 0.429 [2 ( W") (ﬁ__ T Wy sin 0) csc 20—}—( ) (ﬁ—ﬂ—l sin 0) sec 0]
_f’_zl,__ ts s ts s ts ts g X
H H bs)
—{—) csc 20
ts \is
2
2 90—0 90—6\  "w.Tw,\ Ry 2710—0\"w, (90+o) w{l
0858{( )[cot 9+ cot —>]+ ts) < ) T J} S+1404(0429 ts ts 260 ) 360 ) .

t—s (TS) csc 20

)]
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For the special equilateral triangle pattern having ty =tw =tw and ry =ry =ry, as considered in reference 7, equation

(71) reduces to

% ——1)[<~~15ﬁ ——356(RW>]—0429( ) [( 155Z —1. 186~—0406—]1

(71a)
2 ()
For combined longitudinal and transverse and skewed ribbing as illustrated in figure 3(a), for Ry >ry as before,
e
| 1 bz th th <by th __% )
<-—1>i 2[<?s~ts sec Ts s 1s csc 6 cot 0 )4
\
4
<ﬂ—tw“ ese B—tzﬂ)Ch it s tan 9)]—{—2 iQr—[(l-}—seo 8)2+(1-+csc 6)? 1<R ) l
7 ts s ts ts s J
AT H'b. b, o
tststs
B r 2 tw 14
—0. 429{ ( e ) (b" )—l—( )(bz 7 sec 0—  tan 0>+
ls ts ls s
(5 (et noroin - {00 ])l
7, sec0—5 5| co cot{9 co i
Hb, b, -
tsts ts
-
P
0.85Si<;7> cot +(t ) (90 0>+< )(cot 6--cot{ 90—} +cot +c0t190 0})
S S
TN ) prosn { () + () o (i)}
”(t.)( )k 7, 10305, T },
- H, b, (72)
ts s ts

and, finally, for the special case of combined longitudinal and transverse and skewed ribbing illustrated in figure 1(d)
having tw,=tw,=tw, r'w,=Tw,=w,, and b =b,=1.414b,, equation (72) reduces to

(ﬂ— 1>[<——2 414 L ~10 82 <RW) 1—0 429 (“") [4 828 (——2 414 F)—10.75 }f“’ 1.404 % t
S S

.
-

EVALUATION OF o« AND gf

EXPERIMENTAL EVALUATION

The coefficients «, 8, &/, and g’ occurring in the equations
for the elastic constants express the effectiveness of a rib for
resisting deformations other than bending and stretching in
its longitudinal direction. For the evaluation of « and 8 for
a given set of ribs (longitudinal, transverse, or skewed) prob-
ably sufficient accuracy will be achieved from a direct experi-
mental measurement with a simple model having one set of
ribs with cross section and spacing that duplicate those of
the ribs for which the coeflicients « and 8 are being sought
and with a value of £5 equal to that of the actual plate.

A double specimen of the type shown on the right-hand
side of figure 5 may first be used to evaluate 8 through a
tension test and, then, one-half of the specimen may be used
to evaluate « through a bending test, as illustrated on the
left-hand side of figure 5. The use of a double specimen for
the stretching test is suggested because the symmetry will
eliminate localized bending of the skin between ribs and facil-

tSubsequent work has shown that the approximation 8~
purposes (see ref. 8).

746’ is adequate for all practical

(722)
tS ) '

itate the measurement of overall strain. Because of the pre-
vention of localized bending, the value of 8 should be some-
what higher than that which would be obtained by stretching
a single specimen like the one on the left-hand side of figure 5.
However, such an overestimate of 8 may be desirable if the
actual plate has ribs in more than one direction, because then
the localized curvatures associated with one set of ribs will
tend to be reduced by the presence of the other ribs.

The length-width ratio of the specimen should be great
enough so that any end grips or heavy end sections will offer
negligible resistance to transverse contraction in the stretch-
ing test and to the development of transverse curvature in
the bending test. Furthermore, the width of the specimen
should be sufficiently large compared with the rib spacing so
that the percentage of the specimen subject to shear-lag
effects arising at the rib ends is small.

The use of these tests for the evaluation of « and 8 are now
described in detail. For ease in discussion, the ribs for which
a and B are being sought are assumed to be oriented in the
y-direction as shown in ngure 5. After the values of o, and
8, have been determined, however, the subscript y should

be changed to x or s if, in the actual plate, the ribs under
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consideration are oriented 1n the longitudinal or skew
direction of the plate.

The conditions of the stretching test illustrated in the |

X -

F1GURE 5.-—Specimens for evaluation of « and B.
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O*'w  O*w__
_ o2 o
tuting these conditions in equation (10) and making use of
equations (31)5 (41)) (43): (44), and (45) giVGS

right-hand side of figure 5 gre ,=0. Substi-

Ny
"E_;__"' 1
A2
—EH 1
- A A, —AS°
=LH A
(1—M2H+6y H ) l—sz_l_ é )_<1—-,u,2ﬁ
=FH
1 tS_l_AWU/bf
1—u? H H
(73)
Solving for B, gives
._ s +Awy/bx
8 — 1 N, g H H 74
y_Awy/bx | EHEx H tS | Awy/bx (1__ ) )
Il V2 : ©)
oy . Aw, [bs
where, for rectangular ribs with circular fillets, I; - 1S a8

given by equation (56). If the value obtained in the stretch-

| 1ng test 1s used for V,/[XHe, in the right-hand side of equation

(74), an experimental value of B3,, or By,,, 15 obtained (e
1s the a-wise strain averaged over at least one multiple of b,).

The conditions of the bending test illustrated in the left-
hand side of figure 5 are N,=N,=M,=0. Substituting these
conditions in equation (1) and making use of equations (13),
(19), (42), (47), (49), (51), and (53) gives

ow M, M, 1 -
o0 D, EH* A4, _ _ 7.2 (75)
Ix_ Zsz (kx_ks)Q_ﬂx ;1"32
where '
1 N\, 1 ts ey o, AW/l 2,
I—’B 12(1_H2) H) +1__u2 (kl') +Bﬂ H (aﬂ k-’v)
i} Ay b
__ &y Wyl =%
=18
. (76
Tz
Mz

T LA Az2AT
Trm A A AA T
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Solving for «, gives

STIFFENING 11
— 1 A, [ Aw,/b\ [ LA—A2AR T ARk
Issz%yg“‘ [...._.. 2 (5y ﬁ , )] v Y X
Ay /b, 2
LA, A,A, (5;; W/ )_I A,
I:;‘l' (Iyzsz—"' .Angszr?)_ [szsz] Is‘l' an2 (13!232 o A?;Abzf’z)
EH? 572

where, as before, for rectangular ribs with circular fillets,

Aw, [b:
HJ 1s as given by equa,tlon (56).

Substituting for ].'\4:,5/EH3 the value obtained in the bend-

ing test, and for B, the Value obtained from equation (74)
permits equation (77) to yield an experimental value of

a2
kY

multiple of b,,). The quantities Zsz, A, A, A, Ey, L, 1

are obtained from equations (41), (43), (44), (45), (48), (52),
and (53), respectively, with Ay =Awg =Iy_=Iy,=0; thus,

-1s the z-wise curvature averaged over at least one

_A, Awu/ b A, Awy//b"" kg
A:z:""'“;"'l"Bv H Av _u_"‘l_ H Al 1__“22{" -
_— 1 AWy/bx — (78)
k=4, H

__Is EWyEyAs _ M Ls ]
Ly .,u+ v} 13_12(1“-;12) H

where &y ,1s as given by equation (59).

THEORETICAL EVALUATION

Accurate theoretical analysis of the situations depicted in
figure 5 is difficult. However, it is possible to obtain values

of « and B that underestimate or overestimate the stifiness |
An underestimate 1s obviously obtained |

of the specimens.
by -assuming no part of the rib to be effective 1n resisting
transverse stretching or bending in a direction transverse to
itself. A lower limit-value of B is, therefore,

B=PBrr= (79)

‘When g is taken as zero, the value of « is immaterial.
An overestimate 1s obtamed by analyzing the two speci-

ArARSD— AA%z(ﬁy

] A% /b.r) (77)

mens shown 1n figure 5 for their small deformations under the
assumption that plane sections perpendicular to the skin and
perpendicular or parallel to the direction of ribbing remain
plane. The results of such an analysis of the two situations
illustrated in figure 5 are as follows:

For the double specimen on the right-hand side of figure 5,

N: _ ts/H
EHe: (1—p? )93 ts (80)
For the single specimen on the left-hand side of figure 5,
M,
dw
3 —_—
EF Y 120—) 7 ( E3) ) I/b 81)

where I, g, and f are geometric properties of segments of
length b, of the cross sections shown. The symbol I rep-
resents the moment of inertia of such a segment about 1its
centroid, ¢ 1s the integral, taken in the z-direction, of the
reciprocal of the local thickness measured in the z-direction,
and f 1s {s* times a similar integral of the cube of the reciprocal
of the local thickness. When the ribs are rectangular with
circular fillets, these quantities are given by the following

formulas:
1 tS AW /b) 1 tS Z,:. y
I/b: 1 ts _I_ts +_( H (2 H+ Wy> +
H? 12\H H (Awy/bx)
s\ ' )T
) )]
Iw 02 Aw [b) 1 ts —I“—( H §ﬁ+kwy

Tt H 2H+k“’y

AWy/Ox
‘2“( H )*1
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consideration are oriented in the longitudinal or skew
direction of the plate.
The conditions of the stretching test illustrated in the

Frcure 5.--Speeimens for evaluation of & and 8.

) .

. . . o w O*w__

right-hand side of figure 5 are 9-3-';:”-5;11\@:0.
oxr* Oy

tuting these conditions in equation (10) and making use of

equations (31), (41), (43), (44), and (45) gives

Substi-

A/
‘l“f: 1o
e}f
oy A
=FKH A,
= FH A.4,-4A7

A,

( [l zzltﬁ" ,”H”{]) )(‘1?717—,1%_1[1‘1%‘* I i)"f(m—ilf#ﬂ;?)

-y \,]“‘“[/,

=K .

g Ay b

— 0T H
(73)
Solving for 8, gives
( t5+[1 fvzl:‘;b;’
A N, &\ H" H 74
e b Y EHe H| ot b .
Vi Lt o U

where, for rectangular ribs with circular fillets, A“ﬁ b—x s as
given by equation (56). If the value obtained in the stretch-
ing test is used for N,/Elle, in the right-hand side of equation
(74), an experimental value of B,, or g, . is obtained (e
is the z-wise strain averaged over at least one multiple of b,).

The conditions of the bending test illustrated in the left-
Substituting these
conditions in equation (1) and making use of equations (13),
(19), (42), (47), (49), (51), and (53) gives

w_ M, M, o T
o D, TEIP T azra, _ y
1‘”77 :/T‘[ (-kz'ks)Q“mﬂx 1_4"2
where
IR S A S U3 SN U Lo T
- Aw [b
P T
L W
Te0 S (76)
R
o A A AR
1= A —A AN KT, )
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Solving for «, gives

PLATES WITH INTEGRAL WAFFLE-LIKE STIFFENING

11

/ 1.2 22‘ e )
/ :
LAFA |
/ M, -
/ [ (1A A2AE)— [, ] I+ M, (LA AAT)
¥ FI{‘
i . £ w:”, = { - 2 / — Wy ‘
41; [” 1 »81«* [{ /_j ] Ai 1 ]{ 2) 14 Au :IC (By ll )

where, as before, for rectangular ribs with. eircular fillets,

Aw, /b
F{w is as given by equation (56)

LI .
Substituting for M,/ EH? %;l; the value obtained in the bend-

ing test, and for 8, the value obtained from equation (74)
permits equation (77) to vyield an experimental value of

2
@, (%:1 ; is the z-wise curvature averaged over at least one
multiple of b;). The quantities ;1-3, A, A, A J};” Ly, 1
y 8
are obtained from equations (41), (43), (44), (45), (48}, (52),

and (53), respectively, with Ay = Aw = Iy, = Iy, =0; thus,
Af A4, Ak )
o _4/!x ""A,lwy.f:(br . .1 iy 1'/‘II/ b - # t‘S
AR A A Ty
— 1A b ()
A W A
) i ; y : i , “ [.S 3
]ﬂf— {u " i 12(1 _lul\l ([]) J

where Ix,‘w” is as given by equation (59).
THEORETICAL EVALUATION

Accurate theoretical analysis of the situations depicted in
figure 5 is difficult. However, it is possible to obtlain values |
of @ and 8 that underestimate or overestimate the stiffness
of the specimens. An underestimate is obviously obtained
by assuming no part of the rib to be effective in resisting
{ransverse stretching or bending in a direction transverse to
itself. A lower limit-value of g is, therefore,

B=BL.=" (79)

When 8 is taken as zero, the value of « s immaterial.
An overestimate 1s obtained by analyzing the two speci-

mens shown in figure 5 for their small deformations under the
assumption that plane sections perpendicular to the skin and
perpendicular or parallel to the direction of ribbing remain
plane. The results of such an analysis of the two situations
illustrated in figure 5 are as follows:

For the double specimen on the right-hand side of figure 5,

N ts/H
EHe, ‘;”*’ ' Z
sy bt Aw b (80)
o\ zs)
For the single specimen on the left-hand side of .ﬁguro 5,
f%, o 1

where [, ¢, and f are geometric properties of segments of
length b, of the cross sections shown. The symbol I rep-
resents the moment of inertia of such a segment about its
centroid, ¢ is the integral, taken in the z-direction, of the
reciprocal of the local thickness measured in the z-direction,
and fis £ times a similar integral of the cube of the reciprocal
of the local thickness. When the ribs are rectangular with
circular fillets, these quantities are given by the following
formulas: ~

It H Aw [b:\ /1 tg

b, IS soti\ )(9[1* ) !
- 12( ' ’ A /b, T

7:;:( 74 )“

1ty H{Aw b\ (11
Lo fbe Ay b1 te - sH T ( 1 )(21:' "W)
RO A ET AT 70 T

L i ( */T;)*-‘-
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(83)

(84)

where ¢ and 17 are functions of the ratio of fillet radius to

skin thickness given by the equations

i’ /S /

B N O TV
SRR o )]

-
, 1 r o 1
ey o ”Ur?W Tyt
S4 Wy R S
Py t g r'w
o Iw fQ
tan™! 4/ 142 — 8¢
VT o
J
w /b_r . . .
and 1}3 18 as given by equation (62).

ot
The values of M I < Z ~obtained from

N,/ IEHe, and

equations (80) and (81) may be thought of a8 experimental
results and they may therefore be substituted in equations
(74) and (77) to obtain values of By, and ay, corresponding to
an overestimate of the stiffness of the specimen.

Alower overestimate of stiffness can be obtained by analyz-
ing, on the basis that plane sections remain plane, Lhe single
speclmen on fhe left-hand side of figure 5 for both N,/EHe,

and M,,_fEH3 ():rl "and thus including the localized bending

that occurs during stretching. Besides being more conserva-
tive, the resulting values of ey and 8y, would also be more
appropriate if, in the sctual plate under consideration, there
were really only one set of ribs. An upper-limit analysis
conducted entirely on the specimen on the left-hand side of
figure 5 would yield the following expression to be used in
place of equation (80):

N, to/H -~ (87)
FHe, L& .
12 (1—u >( 1 f> LA w,/bs f H
H f)

where £ 1s tg times the integral, taken over a length b, in the
z-direction, of the square of the reciprocal of the local thick-

ness. For circular-filleted rectangular-section ribbing,
b, lw N ,
PR —f'(»;) Y (88)
T i i T g ) T o

ADVISORY COMMITTEE FOR AERONAUTICS

where 4 is given by the equation:

: A 1 T,
| 2 142 Y Coftant ity 1R Ty (89
bs | . s (Ls o AY ta
242 S (24
Iy rw \I'w J

2
0

Equation (31) would still be used for ‘\J_r/lt’/l'&?) )
2

EVALUATION OF o AND p'*

The coeflicients o and g/, which define the effectiveness of
a rib in resisting twisting and shearing relative to its longi-
tudinal and transverse directions, are not as readily measured
experimentally nor as readily bounded hy an upper limit as
a and B, although, of course,
tained by equating 8’ to zero.

An approximate evaluation of «” and 8 may be made by
assuming that the same volume of rib material resists shear
as resists transverse stretehing, that s,

a lower-limit stiffness is ob-

(90)

and then by determining from computations where this
material must be placed (as measured by «’) in order to give
the proper torsional stiffness as determined with the aid of
reference 9. The computation of &’ is now described in
detail.

Consider an element, like the one on the left-hand side of
figure 5, having only y-wise ribbing and subjected to a pure
M,, lo&dlng. From equations (3), (15), and (54) the value of
a’, can ho ()bt&iued in terms of the measured or computed

ratio 1'1/[ -as follows:

1 i E:
= EH’L,

i’ [G(Iﬁ—p)( )+1~# H (ke +

2 Aw/b: -
Bvi';g;b 57 (a 1/‘”]‘72#)1] (91)
where
(92)
Solving for o', gives
, INT Moy 1N e
&= Aw, bf’fg LI ot 6(/[) 93)

71 2(1 ) Ox Y

tA comprehensive evaluation of @ and 87 is now available in reference 8.
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*w
2(1+u) Oz Oy
equation (93) can, in the absence of test data, be derived by
an adaptation of the method used in reference 9 for com-

puting the torsional stiffness of I-beams and H-beams, which
gives

The value of the ratio XIW) to be inserted in

M, [
LI ofw 213
21+ ) O Oy

,f*i(l E)(w,)(u
PN
()

T

where « is the diameter of the largest circle which can be
inscribed in the cross section at the junction of the rib and
skin and can be computed from the formula

| fw

(] ‘ /'u,gd\)z‘lrtwy (R‘J’w‘” 4 ya)
d N ) T Vg T
o -
2( "3)+1
s

The constant ¢ in the last term of equation (94) depends on
tw is and ry s The value of @ is obtainable from figure 7

(7

(95)

PLATES WITH INTEGRAL WAFFLE-LIKE STIFFENING
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versely (fig. 1(a)) or skewed (fig. 1 (¢)). The procedures
used for the measurement of 1), and IJ,, were essentially the
same as those described in reference 6 for sandwich plates
The measurements of £, and ¢, were made with long-gage
length resistance-type wire strain gages mounted in the four
corners (or diagonally on the four sides) of square-tube com-
pression or torsion specimens similar to the square tubes of
reference 5. The compression specimens were tested in the
1,200.000-pound-capacity testing machine and the torsion
specimens in the combined load testing machine of the
Langley structures research laboratory.
The experimental values obtained for

the stiffnesses are
indicated by the cireles in figures 6 and 7

In figure 6 the

stiffnesses are plotted againsi the angle of skew of the ribbing
(with 8=0° and 8==90° corresponding to purely longitudinal
and purely transverse ribbing, respectively)

) for plates having
nominally the same weight. In figure 7, for a given angle of
skew (f==

45°), the variation of the elastic constants with
skin thickness is plotted.  The relatively large seatter i the
test data is due to the fact that the plates used were sand
castings and, hence, had appreciable variations in thicknesses
from one specimen to another and also within each specimen.

For comparison, theoretical values of the

four elastic
constants were computed from equations (31), (

13), (33), and

. , b Tw .
of reference 9 or, when T 22> 0.61—0.23 F 2}, from the 1200
'S s VS
following formula: **/‘5&
r}\ azay , BBy,
I'w . QQ({% %Y
= 0.094 40,070 ~~¥ (OR) 800 \Q% 3%
a=0.094-+0.070 i (46) < A%)» o ik B 1%
a %%})\ ot _Z )
. e < ' o g € 2
The meanings of the various terms within the parentheses - Prrrrrrrpe AT )
) ) 1/ 1) 3 o 400 | a=B=0 S o /f,}
of equation (94) are apparent: ?(fl) represents the con- % ?«%
tribution of the skin, considered as an infinite plate, to the ”/@} %%
twisting stiffness of the walfle; 1(1"“‘%)(%’«‘)1l <t~’)2 (i\g . T S W iy
wisting stiffness he i )\, ) s, o o
is similarly representative of the twisting stiffness of the rib; 400 4
§ iy,
b . , . <,
the term with —0, I(Jo( ; “») corrects for the fact that the rib /2_9% “
8 - ’ .
AN t )b”% o
is actually not infinitely deep; and the term with «a ) = // 4\\% 2
s/ S T R
represents the additional stiffness due to the fillets. The 2 20047 az a0y, B Bexp o]
2by o &
value 0.105 is based on the assumption that —- ”\2 3; for
W?/
values of 2by /tw, less than 2.3, the number 0.105 should be
replaced by the number obtainable in figure 3 of reference 9 L o
with the abscissa label b/n replaced by the label 2by, /ty 0 a5 30 0
) 8, deg
COMPARISON OF CALCULATED AND EXPERIMENTALLY

MEASURED VALUES OF ELASTIC CONSTANTS

Asapartial check on the theory, experimental measurements
were made of the stretehing stiffness £, bending etil}'ness
D,, shearing stiffness G, and twisting

stiflness 1), of
with

longitudinally

plates

integral ribs running either trans-

or

Fravre 6.-—Caleulated and experimentally measured elastic constants
for plates with integral, waffle-like stiffening skewed at angles of

0 1tothe longitudinal direction, having by =0.2 in,, F- 1077108 ksi,
. . . . bw { by
).32, and having the following proportions: Wy, o =93 v 2;
- Iy Iy I'w
s s 2 Ju _ : R o hu )<
in addition, for 0% or 907, ==1)4 and for “90°, ==() 2
lh

N
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IFrovre 7. - Caleulated and experimentally measured elastic constants

for plates having integral, waffle-like stiffening skewed af angles of
e . . . . . by by

=45 1o the longitudinal direetion and having — =22, = ==2 ==(}.2,

i, 3 P ~y ])_ -
L , L ) fu W bs
Oy == 0.2 in.. E=10.7>10% ksi, and u==0.32.

bu

(15) and are plotted in figures 6 and 7. The lowest curve in
each graph is obtained from the Tower-limit assumption,
B=0: the highest curve gives ealeulated upper-limit values
based ou the use of equations (80) and (81) in caleulating
apr and Bep: the middle (dashed) curve shows the results
obtainable by using for o« and g values determined experi-
mentally ou specimens like those In figure 5. In cach case it
was assumed that 87=8, and «’ was computed {rom equa-
tions (93) and (94).  Table I summarizes the upper-limit and
experimental values of « and 8 used for these calculations.

In general, figures 6 and 7 indicate thal the agreement
between calculation and experiment is within the experi-
mental scatter, with the calculations based on the
sy and B, giving the best results.

ralues

CONCLUDING REMARKS

On the basis of an idealization of integrally stiffened plates
to more uniform plates resembling plywood, formulas have

1195 =NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TABLE 1.

VALUES OF @, &/, 8. AND g’ GSED IN THI CALCULATION
OF THI ELASTIC CONSTANTS FOR COMPARISON WITH
ENPERI'MENTAL MEASUREMENTS O Ky, G.. D., AND D,,

b /ls QXpe ayy, g, a's 5 Beay Bur |
| L
| by /bs=0.2
: (n}
] B T ! |
Iojo24e 02 045 | 025 0.2 0.5
2 17T 0 L1 L33 24 L 23 .45
+ .12 085 .43 .31 14 0 .29 |
S 004 046 53 .43 1209
\ B fbs=0.4
| (b}
1 1 ' |
i } 0. 44 0. 14

4 ‘ 0. 14 |

|

* These values (computed from eqs. (74), (77, (80), (81), (93), and
(94)) were used for calenlating constants for all configurations given
in figures 6 and 7 excepl. those for which #=0° and @
stiffening).

b These values (computed from eqs. (74), (70, (81), (87), (93), and
(94)) were used for caleulating constants for configurations of figure 6
having 0-=0° and 8-=90°.

90° (one-way

heen derived for the elastic constants of the plates with
imtegral ribbing in one or more directions. Two sets of
elastic-constant formulas have heen given, based on two
different. forms of the force-distortion equations.

The formulas for the elastic constants involve four co-
efficients «, 8, o, and g’ for each vib which define the effec-
tiveness of the rib in resisting stretehing and bending in its
transverse direction, horizontal and  twisting.
[xperimental means of determining these coeflicients are
discussed, as are theoretical methods of obtaining values
corresponding to lower-limit or

shearing,

upper-limit assumptions
regarding the stiffness of the plate.

The predictions of the formulas for four of the elastic
constants are compared with experiment and good correla-
tion is obtained when experimentally determined values (or,
in most cases, upper-limit values) of & and 8 are used in the
formulas for the elastic constants. Despite experimental
scatter, the calculations and experiments agree, in general,
hoth in magnitude and in regard to trends resulting from
variation in angle of skew of ribbing or in skin thickness.

LANGLEY AERONAUTICAL LiaBORATORY,
NaTroNaL Apvisory COMMITTEE FOR AERONATTICR,
Lancrey Fieup, Va., May 26, 1953,



APPENDIX A

RELATIONSHIPS BETWEEN NEW AND ORIGINAL ELASTIC CONSTANTS

The relationships between the new and original elastic constants are as follows

D Do D=1 (1— ) (A1)
I gy
T D= ) (A2)
1= gty
D ; .
I ),},;,—.1 ‘; u Doy=20), (A3
E= . )
) e S S [ — — -
D, N, D,y s .
7 e TN Y e )OO YO uCr)
1 1{13: [(xf (1 AAAAA M;rliy) (( [Z ! .u'z/(-*}ir) f ( ux (t 1«”‘“!/#}; ) (\( wE b :U*x( 4»1,)] X‘p
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(fll = ( / >+ Hr < yr I)” )
l - ,Ulliy J T MMy, ( AT)
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D C C )
(== oy Y ) O, — 21 By A9
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APPENDIX B

DERIVATION OF FORMULAS FOR ELASTIC CONSTANTS

The basic assumptions of the analysis have already been
deseribed.  In the derivations that follow, where the word
“rib” s used, it means one of the substitute sheets, depend-
ing on which property of the rib is under consideration.
Separate derivations are given for the constants associated
with bending and stretehing and those associated with twist-
ing and shear.

CONSTANTS ASSOCIATED WITH BENDING AND STRETCHING

In the derivation of the formulas for the elastic constants
associated with bending and stretching, an element of the
integrally stiffened plate will be considered; the element has

: 2

" and O“ and the strains
ox? oy*

e, (measured in some arbitrary plane which will be referred
to as plane ) and ¢, (measured in some other arbitrary plane
which will be referred to as plane II). The development of
these preseribed deformations requires the application of
moments of intensity M, and M, and forces of mtensity N,
(acting in plane 1) and N, (acting in plane IT1). These mo-
ments and forces and the locations of planes 1 and 1T are

the average preseribed curvatures

shown in figure 8.

If the strains are assumed to vary linearly through the
thickness of the element, two horizontal planes can be found
. 0% o%w N - . . .
(m terms of 5 &, o, and e,,) in which the r-wise strain
: O oy y
and y-wise strain, respectively, are zero.  These planes are
mdicated in figure 9.

Strains of components of plate. The longitudinal exten-
sional strains of the ribs measured at their cross-sectional
centrolds can be written in terms of the curvatures and the
distance between the rib centroids and the planes of zero

extensional strains.  The strains of the »-wise, y-wise, and

ST

e
-
X

i
{

W

—
aH x__f .

Pl
E /\Gby ———— Plane I
2 —=-—— PlaneIl

Frcere 8.-—~Forees and moments considered for analysis of bending

and stretebing.

skewed ribs are, respectively,

O )
[ /I:;; 'E)l o { ]g | >
O )
€ , =k, D’/g (B2)
O R ot .,
e, = 5, €08’ Bty ‘()7/2 sin® ¢ (B3)

where the subscript L denotes longitudinal direction of a rib,
the subsecript ¢ the w-wise rib, the subseript y the y-wise rib.
and the subseript « the skew rib.  The distances hy, Ay,
and F, are shown in figure 9.

The transverse strains of the ribs are as follows:

0% ,
EW”I J O}/“) { Pi-l-r
) - 0% -
EW'? = (\/)g (X,J[ I‘J (5'[..3 { B)\I
dw ., CO*w v R
ey = —(hy—adl)- Z: sin? f— (fy—a 1) {.{ cos*f (B6)
s Qu” S oy’

The extensional strains of the sheet midplane in terms of
the curvatures are

O p
€x =y ot (BT
o RV -
eg ==l (B8)
u ()]r
% ow
The curvatures _ ;- and 5 of the clement ave also the cur-

O oy

i ~———= Plone of zero x-wise strain
—— —— Plane of zero y -wise strcin
L] Rib centroids

~Dimensions for analysis of bending and strefehing.
i7

Fravre 9.
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vatures of the r-wise and y-wise ribs, respectively. The
curvature of the skew ribs is
o' 0w L oM .,
e CORY - sin 6 (B9
ost o +O'y* (B9)

The horizontal shear strain in one of the skew ribs, relative
to the longitudinal and transverse directions of the rib, can
be written in terms of the w-wise and y-wise strains at the
same level, which in turn are determined by the z-wise and
y-wise curvatures; thus,

‘)[w«\/i; —a /{) o i

The r-wise and y-wise ribs have no shear strain.

Expressions for the dimensions Ay, by, by, k1, ko and koo—In
the derivation of equations (B1) to (B8) and of equation
(B10), the assumption was made that the strains varicd
linearly from the planes of zero strain. On the basis of the
same asstmplion, expressions are written for the strains in
the planes in which N, and N, act and in
These expressions are

15

Tw

¥
o
:\

ca JH S u]x]hﬂ(()\ﬂ (B10)

planes 1 and 11—
which ¢, and e, are measured.

O “

(e i,JI; (B1n
= kD) 2 ot B12)
from which

= fey H — (B13)

U?

ot
€ . ;
k., ”'['“”Mc‘)‘“’w (B

oy’

By geometry the dimensions Ay, s, ki, and ky; may be
written

hoy =l H—h (B15)
hy= kew 11~ hs (B16)
bey= ey 11— ks (B17)
bey= ey L1 — ey (B18)

where I?WIH, /?Wy][, k_'wﬁH locate the centroidal axes of the

ribs from the center line of the sheet.

Substituting for &,

COMMITTEE FOR AERONAUTICS

and k&, from equations (B13) and (14) gives

b= (Fw,~kr) L5, (B19)

...... v= (kw,— >[1+aﬁr (B20)
o

o (b — ke ) H+ a (B21)
701/

o= (o, — b)) HA 53, (B22)
oy’

Evaluation of strain emergy. -The total strain cnergy of
the element of the integrally stiffened plate can be written as

the sum of the strain energies of its component parts; thus

] *h,.

.

[§]

[*h ETd 06

, . L gyn
Vo= Eiy sz £A W, dr+ 5 Wy, KAy y(’f?/ +
o )

. 1 -
o o sty | e B e
1 S [ [hasect e )
2 Wy £,y H(/y + zjn iy, 7,‘1*, B.A W{g(/x -+

b

! !J(IG:;I.:' ;

s 0

I

Qg eq
es,t Zpes,es,)

"h serd

GB \*lw ds+ 2'!”‘ ‘d

1
2

1[;‘17 \([1 /[1/% ’ (a w ) Iy ]u l/.I‘ ZJ; ( ) I ['u (/[/+

] YhoNeel a w . '/Jé/ o:l,u‘* e 02“. 2
zj (a ) Folw (/“Jrz,‘.) ‘Jo [( a,z-%,) J“( o;,-f) 1

Ofw O*w It ;
. s oy { DR
2u g Oi/] 12(1.1 dy (B23)

In equation (B23) the first three terms give the energy of
extension of the ribs in their longitudinal directions, the
second three terms the energy of extension of the ribs in their
transverse directions, the seventh term the energy associated
with the shearing of the ribs, and the eighth term the encrgy
of extension of the skin. The next three terms give the
encrgy of bending of the ribs, and the final term gives the
energy of bending of the skin.

Carrying out the integrations of equation (B23), dividing
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by b:b, to reduce the result to strain energy per unit area, and substituting the previously derived expressions for the
(’l\t()lll()lls ew,, e . and so forth gives

Voo
bb,

.

I I Ay Ay Ay ) ) U Aw,
S o B ‘ “(cos' 04 B sint 0487, T sin? 0 cos? A ) by " sin? 6 cos?
5 (l:1 e ts+ b, +83, b, + h, (cos A4 B. sin* 6+ 57, s sin® 6 co 0) €& 12 1o te+ b, ("sm f cos® -4

5 : . Ay Aw [ =
Besin?fcos’ B, 1 Z sin? @ cos? 0):' ere,,~f~2{ [ o s (el D)+ (A w, ko 1148, bu “Coe,—ley) 1T+ ; l:(kn—‘ ~k) I cos' 9+
Ryl y r 5

o . . , : 2, : ()Z/w Aw [ - . .
B (o —k) [T sin® 0487, (o s— k) H Cosin® 8 cost o + te (b D+ (b k) H sin? 6 cos? g4
Tfp I b.c :

0% u' Ay

B lay ko) I sin* 8 cos? 08, (o, kyy) 1[( . sin? @ cos? ¢ —J}e} o st g st b’x b + b, +

Ay

b ( sin' 8-k 8, cost 918, - Sin? # eos? 0):' e ;2{ ] 777:‘;2 te (hid D+ bu< ke k) LSNP0 cOST OB, (e, — kO T 8N cos? 6

o e A e \ |

By k) li(’] (u sin? f <-0;~‘.’9’):|} € ().;i+2{| i te oD +-8; ,:; (e, beyp) T4 Lu by H A

dw T - o, R NI o | .

b [(kw_ ke 1 sin? 6+ =B (ogg—ky) H cos* o 8% o k) I (,\l +u SIn® 4 cos 0)]} €y O!/2+ { 12(1- o) 1

lwJ /W lw,_ - SrTe . 1‘11»",, 1 I ) oy -
bt g O8O D F 8, kP e 4T cos 94 B, (k) sin 0

D} 2, .
B (a’y~--f~<lx*,)'~'[l"’( Toosin? f cost e ]} 9 w —{—H{ 9 I b, sin? 6 cos? o4+ g b llechd 1H 4
A (l b 1=y

Ed

Aw [ = -
bu ! [(/rwg k) (b —lkw) H? Sin® 0 cos? 0--8, (e, k1) (- key) 117 SIn? 0 cos? §—

L, o, ./ 2 O‘u O v | N I T I ) }
8 ey = ky) (o s~ kyy) H? (\1"! sin? # cox’ g :I} ’ Q { 12 (1 t,g‘*—k I:; + ,:' sin’ 6+1 i ty (b 1)+

X A‘lwf ) STT2 "1W
Bz b, (ay— k) H*+ b,

9 o*w
4 ( 5 2 2 i ¢ 3
B (o = k) LT \1 sm > 8 cos® § ]} a’/ ) (B24;

_ A [
kw, kI [(kwgku)zm SIN'G4B, (o —ky) 12 cos' 6+

. .. 1 . 1 | . . o .
where the identities g sin 6 and B Cos 0 have been substituted to simplify the expressions.
02x ] v 5 v

Invoking the principle of virtual displacements by differentiating the energy expression (B24) with respeet to each
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of the strains and curvatures and dividing by 11 or KH* gives the following expressions for the forces and moments:

o 1N,
de, II1
Aw by, Aw b Ay by . 2 A b,
[ 1# 11+ v}[ 1+5;« "1'1 + V}I cos' -+ B, sin* 6487, I a sin? 0 cos® 6)] e,+|: ;“’— u " sin’ § cos* -
. ) , 2 Alu,,bu - lu,,fb
8, sin? 6 cos? g7, "y sin® 6 cos® 0 e,,+ 2 ” = k4 Il (hew k1) 4By 57 ‘e ko+

Aw 10, — ) ]
Wl [(A'"qu—l."l) cost 048, {ay—ky) sint 0467, (o' s— k) (1 sin’ 6 cos® 0 :I}” ot { “: ;} kit
: 14 ~u

1/
A’lhr;[ll)s _— N Y .y 5 B ’ S 2 o*w . .
Il (Aﬂ'u»f —kyp) sin? @ cos? 8485 (ay—kyy) sin® 8 cos® 8-, (a's—ky) (l b sin® # cos? I Ov/ (B25)
o 1A,

de, IIT LIl

T ow ot w /b s Con
[l o H—f 1] (sm § cos® 04-8, sin? 4 cos® 8-— 87, 4 u sin® 8 cos H) et - l'inf

l w ’b ” 1 W W;\' b,,-

e

a7t

Aw [be /o 2 | /\ Ay b T = . .
“[f]—/ (Rsm‘ 448, cos' 0487, L a sin? # cos® ’ eﬁ—{ IR R ”]”/ [(kmw-/a*;) SIN® A cos* 6
, o*w { Lw, /by
Bs (os— k) Sin® 6 cos® 9 (a5 k) (1 tu sin? f cos® 0 :I}/l u+{ ) ,]; fryi-Be ”]*]' oy k) +
Awfbe — A > ow
ul"’," hew —kn)+ w” [(/t'wsm by sin' 01 By (o= k) cos® 8487, (o s — k) ( 4u sin? § cos® :I}” " (B26)
obr 1 M,
> oqw H? EII?
ourt

—1 l‘\ )1W - . ‘qu/b;r . A M*“.'ibx — . " o .
|- H b+ H (ICW',""ICL) +8, 17 (e, — kD + 17 (kw k1) cos' -+, (o —ky) sin* o4

, “"',LL fs ‘W /bS - N .y 2 5 ; [ ;
B (& k) (1+ sin® 6 cos® 9)] e+ i bt (ke ,— k1) sin® 0 cos® 648, (a,—ky) sin® 0 cos® §—

s\ Iw /b, 1w [b Aw /by o ‘
B (o s— I)(]+ sin? # cos® H):'}ey—}—{]Z (] )+ “;{/5 + ‘;1/3 cost (9+ zl] S e ”,/l{ '(,I‘?'wﬁ"“kﬂz—}—
Ay by A 9
31,"}}}/ (o —kn*+ ) / [('lw =k )* cost 0+, (o — k) sin' 648, (oew—lu)‘(l; sin’ § cos” ]}I/ (())”Z—}
M t% 4 1 s/l ] t\ W/ ¥
} 9 (1 - ) (}]) + 111 sin® ¢ (()S 8 + 1]1 k Au‘f‘ 77 (/fw ]) (I(W kll) sin® 0 (()5 9*{"
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oVt 1,
Lo I TR
oy’
r o Ay
il ’1/ SIS
r ~ 1 f,s ‘1W];Jb1/ .I'IW 'ib
i 1"'",(12 ]] kllﬂi"ﬁr Ir[ ((YJ»""A”)—“' []

l:(kw l”; sin® 8 cos® 84 B(a,— k) sin® 8 cos? 8-,

21

;o L R N
—Jenr) ( lT u sin® # cos? 0):]} e+

0z — N lW 'b
“" (Afu,—llw—A?[,)+ [ A,, — ki) SNt 0B, (o — k) cos' 0+

4 )} [ [ u S
B (- /m)(]; sin? § cos? (9 ]}e,,Jr{]{) 1) [I) HHl sin? # cos® 6_{_17 [[/. bl

A'llrrs/b«« e -
/] [l\/xwﬁv ~fey ) (ﬁ'w.\;wk“) sin? 8 cos® 8-+ 8. (a.-

O*w

. ) . 2 ., o
B =k (o o — by (\l I sin‘d (‘()S“H):I} 11 o >+ «)L 12( | N

A f",,.f[)u ) . A - ;’[), -
68 HII (k) "/?

Y
Bela,  hi)? cost 04 Bo(al s k) ( . iﬂ SIN? 0 cos? H)]} H
, " ]

The equations for N, N, M, and M (eqs. (B25) to

(B28)) ean be written as
N, , , + y gy O% o,
oy e b L AL k)T N e )11 o (B29)
N, o'w .
sofy et et A (R k)1 +A,, k)11 ;_) (B30)
A‘I_r N2y C)%l‘
= gL le) et A (B e[ L4 (F /{I)Jumﬁ
[t o) Bk 0 (B31)
o ]‘}}];z =0 (TQ "'"k'ﬂ) ff’§ ‘Ay(-if;zt'” klI) f.l/’%'
o N O%w
Mot Al R k) )L+
- 214, OFW ,
(7, By )2l O (B32)

Y

where A, A, and so forth are given in equations (43) to (54).

In order to identify the desired elastic constants associ-
ated  with extension and bending, the foregoing force-
distortion relationships, equations (B29) to (B32), need only
to be put into the form of equations (1), (2), (4},
equations (7), (8). (10}, and (117,

and (5) or
CONSTANTS ASSOCIATED WITH TWISTING AND SHEARING

The derivation of the formulas for the elastic constants
associated with twisting and shearing is a parallel one to that

i
i

) (e —kyy) sin? 8 cos® 6

Uy Aw b Tw by ts 0 oy
o )+ e

/iw ] )z 114 f)\l:(——u A”) sin’ g-1

O

o
o (1328)

for the bending and stretehing constants.
An element of the imogml]v stiffened plate which has the

average preseribed twist O () and shear strain v, (measured

in some arbitrary plane w [11(,h 15 referred to as plane 1115 is
considered. These preseribed deformations can be effected
by the application of twisting moments of intensity A£,, and
shearing forces of intensity N, (acting in plane [I1) to the
element. (See fig. 10.)

I the horizontal shear strain is assumed to vary linearly
through the thickness, the horvizontal plane can be found

k.
14l
s
2 ———e--—— Plane I

Fraure 10, -Shears and moments considered for analysis of twisting

and shearing,
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—and 7., } which has zero shear strain.
o ()
This plane is h}]()WIl in figure 11.
Strains of components of plate.~The extensional strains
of the longitudinal, transverse, and one of the skew ribs in
their longitudinal directions at their centroids are

(m terms of

ew,, =) (B33)
I,
o*we e
ew, h's or Oy sin 20 (B35)
The transverse strains of the ribs are
- (B36)
oy
ey =1 (B37)
i
i L0t L .
ew, (h'y— adl) or Oy sin 26 (B38)
The extensional strains of the sheet are
e, 0 (B39)
€, = () (B40)
The twist 20 causes bending of the diagonal vibs. The
o Oy j
curvature of one of these ribs is given by
% *w .. P
e — L sin 26 B41)
o or oy sin 2 (B41)

The eurvatures of the longitudinal and {ransverse ribs are

ey

Piane of zero shear strain
L Rib centroids

IFrcere 1.~ Dimensions for analysis of twisting and shearing.
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sero.  The shear strain in the skin middle surface 1= given by
o*w ‘

== —2h', (B42)

Y ()c/ L )

The magnitude of the shear strain of the diagonal ribs is
given by
2N ol A

con 260 B43)

OO

The shear strain of the r-wise and y-wise ribs is given by

, o*w
RS, 10 XN )
Vi, oo’ A1) o0 Oy (B44)
vy oWl dD) O (B45
w, AV I ¢ o ()1/ H)

Expressions for the dimensions /’; and /’,.  The lollowing
expressions can be written for the strains in plane I1I, in

which N,, acts and in which v, is measured (see fig. 10):
o
v 200y ko1 _ 46
v, (W R )().I' oy (B46)
from which
b by — 2 O“l'; (B47)
o.r oy
By geometry
Wity 11—, (B48)
Substituting for A, from cquation (B47) gives
Yoy .
(An ko [[* O‘)I; (B49)
ox Oy
Evaluation of strain energy. The total strain energy can

be written as

1 [ seed S 1 [ Thesees
: € ey ds
2}, W, w (ST (

z Jo
1 ‘ih_r
2o

1 {*heseos ' 1 (e (0 ‘
: J Y PGB Ay ds+ ‘ J Y Gl dy -
7] 0 x % 8 2 . 0 ¢

& 8]

J'hl "”u(
JO S0 s

In equation (B50) the first term gives the energy of
extension of the skewed ribs in their longitudinal directions;
the second term, the cnergy of extension of the skewed ribs

[ = zlﬂ‘ﬁx ;lu')(/r\* -

ﬂy"’r

*

S | I
'YWI‘(IYL“; b ['1 WJ,({'I;+ ‘) l ’sz/Z(}ﬁ/»” 4"1 W /([f/ -t
“Jo ! !

%

he ‘““ ofw
or Oy) (l 6 (/I(/7/+ J )/' [w s (B)(}\

in their transverse directions; the next three terms. the
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energy of shearing of the ribs; and the sixth term, the energy of shearing of the skin.  The next terny represents the energy of
twisting of the skin, and the last term gives the energy of bending of the skew ribs.

Carrving out the integrations of equation (B50), dividing by b.b,, substituting previously derived expressions, and so
forth, gives

[
b.b, [
Ll r 1 1 , AXH‘I 1 , ‘1HU -"u'x - ) I oo 1 . 1 5
5 [{ 21 - s+, 8’ b -{»0, g, b, + b I:snr # cos” 018, sin® # cos® 087, 914 0 COs” Zfi]J Yo -+

M) ~(1L ul u ~l,l T :u‘

| ( SR R A Y /U I ROV Y7 BRSPS VT sin® 0 cos® 0
k 214 W Tk )+ 214 ) B ;a-"bﬂ {a’ =) +2“ ) 8 b, (=) 1+ h. i( g 1y ST cosT 6
e e 1, Nt 1
Bulets — T sin? 6 cos? gt B/ (! o~k 1 [2(1~+ o zaj}) Voo oy
1, . R 2 . 2 Ay, - 2 Ay
4 " sint deost 8-+ T Ak ID T8 ol k)T B, M SN Ik
h, - u T--u b, [ u b,
“U < r ;T v . N } N\ .
4 b ’ {\ {(hn — /{'m’)“H2 sin? 8 cos? 8- By(ag— k)% sin? 0 cos® 048" (o’ - b 1P [ 21+ u (ng ‘)0] ()r 0’/ :l (Bs1)

Differentiating the energy expression (B51) with respeet to each of the distortions and dividing by /< or K11* gives the
following expressions lor the forces and moments:

oA 1N,
ov,, 11 KT

== f l {\“* L g3~ ! W"/’b’u 1 ’ Ay i/ft:b‘” | Ay s/;’br“ o 2 3 ain?é R
i‘ll Cw 120 ﬁ coqg +2(] I By 17 —+ 7/ l:sln f cos® 8-+ 8, sin® 4 cos® -
3 1 ) X -1 o ‘vl ”\u/";b[ P | of 11 “‘z‘/:‘/ b~ ‘
8’y 901 4 “ oS H] Yeu fZ 91 1l,]lllu'*"‘) M)ﬁ,g 17 (o~ A”I)+2(11 ,u)Fg” 11 (a e e
Llu',"bx - e TE
”/ {(L]g‘u ~ ke )~m f cos? 0+ o, —kyy) sin® 8 cos* 0 B (o — k) l:)“ “ cos? )ﬁcll oo,. g” (B52)
o’ 1M,
ofw KITY ~ IKIH?
Qr Oy
— . A,»luf‘r‘/b;/ , 1 , 11,, ¥ \/ba z o )
=2 2(1 # ) [] /‘1”+ M B gy lahm — k) +2(] Ly 3 p (rx Y /rmH— 77 B = fer ) sin® 8 cos? A+
. M. 204030 (. | ]Wa/_fib. 92
Bilae— k) sin® 8 cos® -+ (o s— k) [2(:1 1) cos* 260 'Vu/'!‘ 6014 ) (/]) +4 I sin“f cos’ 9+ i M’] (o) +

~ ’

9 s . /"b ) 9 Aw /by . A *"‘/‘bs - Y. .
g, ‘}]/ (o) B ”[,; (ay— )P4 "H’ (b, k) sin® 6 cos” 6|

1o

. ot
Bulats ) Sin? 0 cos? 01 8o~ Aa...)‘»’(‘)(ll‘ | cos? ze]} )l/ Oa, q(')!/ (B53)
ettt . IO



REPORT 1195 ~NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

The equations for N, and M,, (eqs. (B52) and (B53)) can be written as

Noy o = gy OMW ——

[E[] A 11‘;;‘7)‘@1"! 24 ‘.E!/(ﬁ Ty k ) I ()I ()7/ { 1354,)

M, | - ) ‘ ~ R o
2]1‘,[["2 = 2 ey ey~ Fe ) Yer b | Ly 4 ey — Ry )1 L] or Oy (B55)

where A,,, k.. and 1,, ave given in equations (46), (50), and (54), respectively.

the

Equations (B54) and (B55) may readily be put into the form ol equations (6) and (3) or (12) and (9) to yield either
voriginal or the new elastic constants, respeetively.
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